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Abstract. With the launch of the Chandra X-Ray Observatory and XMM-Newton, X-
ray astronomy has entered an era of precision science. The precision observational data
taken by these satellites require precision basic physics data for their analysis. The present
authors have recently published a series of papers in which they have reported the re-
sults of the accurate calculations of the electron-ion thermal bremsstrahlung which are
particularly suited for the analysis of the high-temperature galaxy clusters. In this paper
we will present accurate analytic fitting formulae for the nonrelativistic electron-electron
thermal bremsstrahlung Gaunt factor which will be useful for the analysis of the X-ray
observational data taken by the Chandra X-Ray Observatory and XMM-Newton. With
the publication of the present paper X-ray astronomers will be provided with an accurate
thermal bremsstrahlung Gaunt factor which has an overall accuracy better than 1% for
the temperature range 6.0  log T [K]  8.5.
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1. Introduction
With the launch of the Chandra X-Ray Observatory and XMM-Newton, X-ray astronomy
has entered an era of precision science. In particular, these satellites have revolutionized
the accuracy of the observational data of the galaxy clusters (Allen et al 2001; Schmidt
et al. 2001). The precision observational data taken by these satellites require precision
basic physics data for their analysis.
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The present authors have recently published a series of papers in which they have re-
ported the results of the accurate calculations of the electron-ion thermal bremsstrahlung
which are particularly suited for the analysis of the high-temperature galaxy clusters
(Nozawa, Itoh, & Kohyama 1998; Itoh et al. 2000; Itoh et al. 2001). Their calculations
are based on the method of Itoh and his collaborators (Itoh, Nakagawa, & Kohyama
1985; Nakagawa, Kohyama, & Itoh 1987; Itoh, Kojo, & Nakagawa 1990; Itoh et al. 1991,
1997). In Itoh et al. (2000) and Itoh et al. (2001) the present authors have presented accu-
rate analytic fitting formulae for the electron-ion thermal bremsstrahlung Gaunt factors
which have a general accuracy of about 0.1% for the ranges 1  Zj  28, 6.0  log
T [K]  8.5, where Zj is the charge of the ion and T is the electron temperature. These
electron-ion thermal bremsstrahlung Gaunt factors will be ideally suited for the analysis
of the precision X-ray data taken by the Chandra X-Ray Observatory and XMM-Newton.
It has been known for some time that the electron-electron thermal bremsstrahlung
makes a percent-order contribution to the total thermal bremsstrahlung at T  108K
(Maxon & Corman 1967; Maxon 1972; Haug 1975; Svensson 1982; Dermer 1986). In
particular, Haug (1975) has carried out a relativistic calculation of the electron-electron
thermal bremsstrahlung and has found that the nonrelativistic electron-electron thermal
bremsstrahlung results calculated by Maxon & Corman (1967) and by Maxon (1972)
agree with his relativistic results within about 1% accuracy at T  1.5  108K. Since
the electron-electron thermal bremsstrahlung is a percent-order contribution compared
with the electron-ion thermal bremsstrahlung, the results of the nonrelativistic electron-
electron bremsstrahlung will be sufficiently accurate for the analysis of the X-ray obser-
vational data for the galaxy clusters.
In this paper we will present accurate analytic fitting formulae for the nonrelativistic
electron-electron thermal bremsstrahlung Gaunt factors for the temperature range −4.00
 log θe  −1.30, where θe  kBT/mc2, m being the electron mass. The present pa-
per is organized as follows. In x2 we will calculate the nonrelativistic electron-electron
thermal bremsstrahlung Gaunt factor as a function of the electron temperature T and
the photon angular frequency ω, and we will present its accurate analytic fitting for-
mula. In x3 we will integrate this Gaunt factor over the photon frequency and calculate
the frequency-integrated Gaunt factor. We will also present its accurate analytic fitting
formula. Concluding remarks will be given in x4.
2. Frequency-Dependent Gaunt Factor
In the field of astrophysics it is customary to express the thermal bremsstrahlung emis-
sivity in terms of the Kramers emissivity (Nozawa, Itoh, & Kohyama 1998; Itoh et al.
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2000; Itoh et al. 2001):














= 1.426 10−27 [ne(cm−3)][nj(cm−3)]Z2j [T (K)]1/2




where ω is the angular frequency of the emitted photon, T is the electron temperature (in
kelvins), ne is the number density of the electrons (in cm−3), and nj is the number density
of the ions with the charge Zj (in cm−3). Maxon & Corman (1967) and Maxon (1972) have
presented the results of the calculation of the nonrelativistic electron-electron thermal
bremsstrahlung. Haug (1975) has confirmed that their nonrelativistic results agree with
the results of the relativistic calculation within about 1% accuracy at T  1.5  108K.
Since the electron-electron thermal bremsstrahlung makes a percent-order contribution
to the total thermal bremsstrahlung at T  108K, the nonrelativistic results of the
electron-electron thermal bremsstrahlung will be sufficiently accurate for the analysis of
the X-ray observational data of the galaxy clusters.
Rewriting the results of Maxon & Corman (1967) and Maxon (1972), we define the
electron-electron thermal bremsstrahlung emissivity by




































































In deriving equation (7), Maxon & Corman (1967) have taken into account the dis-
tortion of the wave function by the Coulomb interaction with the introduction of the
Elwert (1939) factor. Nozawa, Itoh, & Kohyama (1998) have numerically shown that the
accuracy of the Elwert approximation is about 0.1% at T  108K. Therefore, the Elwert
approximation will give sufficiently accurate results for the present purpose. Equations
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Fig. 1. The function J(θe, u) as a function of u for θe = 0.01, 0.03.
(3), (4) give the definition of the “electron-electron thermal bremsstrahlung Gaunt fac-
tor” gee(θe, u). We present the results of the calculation of J(θe, u) in Figures 1, 2.
We give an analytic fitting formula for J(θe, u) as follows. The range of the fitting is






Θe  11.35 ( log θe + 2.65 ) , (11)
U  1
2.50
( logu + 1.50 ) . (12)
The coefficients ai k are presented in Table 1. The accuracy of the fitting is generally
better than 0.1%.
3. Frequency Integrated Gaunt Factor
In this section we will integrate the frequency-dependent electron-electron thermal




< W (u) >ee du













u2 I(θe, u) du . (14)
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Fig. 2. The function J(θe, u) as a function of θe for log10u = −4.0, −3.0, −2.0, −1.0, 0.0, 1.0.
Table 1. Coefficients aik
k = 0 k = 1 k = 2 k = 3 k = 4 k = 5
i
0 3.15847E+0 −2.52430E+0 4.04877E−1 6.13466E−1 6.28867E−1 3.29441E−1
1 2.46819E−2 1.03924E−1 1.98935E−1 2.18843E−1 1.20482E−1 −4.82390E−2
2 −2.11118E−2 −8.53821E−2 −1.52444E−1 −1.45660E−1 −4.63705E−2 8.16592E−2
3 1.24009E−2 4.73623E−2 7.51656E−2 5.07201E−2 −2.25247E−2 −8.17151E−2
4 −5.41633E−3 −1.91406E−2 −2.58034E−2 −2.23048E−3 5.07325E−2 5.94414E−2
5 1.70070E−3 5.39773E−3 4.13361E−3 −1.14273E−2 −3.23280E−2 −2.19399E−2
6 −3.05111E−4 −7.26681E−4 4.67015E−3 1.24789E−2 −1.16976E−2 −1.13488E−2
7 −1.21721E−4 −7.47266E−4 −2.20675E−3 −2.74351E−3 −1.00402E−3 −2.38863E−3
8 1.77611E−4 8.73517E−4 −2.67582E−3 −4.57871E−3 2.96622E−2 1.89850E−2
9 −2.05480E−5 −6.92284E−5 2.95254E−5 −1.70374E−4 −5.43191E−4 2.50978E−3
10 −3.58754E−5 −1.80305E−4 1.40751E−3 2.06757E−3 −1.23098E−2 −8.81767E−3
k = 6 k = 7 k = 8 k = 9 k = 10
i
0 −1.71486E−01 −3.68685E−01 −7.59200E−02 1.60187E−01 8.37729E−02
1 −1.20811E−01 −4.46133E−04 8.88749E−02 2.50320E−02 −1.28900E−02
2 9.87296E−02 −3.24743E−02 −8.82637E−02 −7.52221E−03 1.99419E−02
3 −4.59297E−02 5.05096E−02 5.58818E−02 −9.11885E−03 −1.71348E−02
4 −2.11247E−02 −5.05387E−02 9.20453E−03 1.67321E−02 −3.47663E−03
5 1.76310E−02 2.23352E−02 −4.59817E−03 −8.24286E−03 −3.90032E−04
6 6.31446E−02 1.33830E−02 −8.54735E−02 −6.47349E−03 3.72266E−02
7 −2.28987E−03 7.79323E−03 7.98332E−03 −3.80435E−03 −4.25035E−03
8 −8.84093E−02 −2.93629E−02 1.02966E−01 1.38957E−02 −4.22093E−02
9 4.45570E−03 −2.80083E−03 −5.68093E−03 1.10618E−03 2.33625E−03
10 3.46210E−02 1.23727E−02 −4.04801E−02 −5.68689E−03 1.66733E−02
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Fig. 3. The function J(θe) as a function of θe.













We present the results of the calculation of J(θe) in Figure 3.
We give an analytic fitting formula for J(θe) as follows. The range of the fitting is





Θe  11.35 ( log θe + 2.65 ) . (16)
The coefficients bi are presented in Table 2. The accuracy of the fitting is generally better
than 0.1%.
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4. Concluding Remarks
We have calculated the nonrelativistic electron-electron thermal bremsstrahlung Gaunt
factors and have presented their accurate analytic fitting formulae. The analytic fitting
formulae generally have accuracy better than 0.1%.
By combining the present electron-electron thermal bremsstrahlung Gaunt factors
with the accurate electron-ion thermal bremsstrahlung Gaunt factors which the present
authors have calculated in their recent papers, X-ray astronomers will be provided with
the precision thermal bremsstrahlung Gaunt factors with the general accuracy better
than 1% for the temperature range 6.0  log T [K]  8.5. These precision thermal
bremsstrahlung Gaunt factors will be extremely useful for the analysis of the preci-
sion observational data taken by the Chandra X-Ray Observatory and XMM-Newton,
the X-ray data of high-temperature galaxy clusters in particular.
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